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The internal energy density of the Potts model on a semi-infinite strip with a width L has been
conjectured to have no finite-size corrections at the critical point K = K.. By factorizing the
transfer matrix for the kagome lattice with larger widths, we have found that this conjecture is not
correct in that the internal energy density varies slightly with L at the critical point. From this size
dependence of the internal energy density, we obtain an upper bound as K. < 1.0565615, which is
close to a recent estimate KJ° = 1.0565600(7) by Jacobsen and Scullard [J. Phys. A 45, 494003
(2012)]. We also obtain a lower bound as K. > 1.0560 by calculating the correlation length along

the strips.
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I. INTRODUCTION

The g-state Potts model has served as a paradigm in
classical statistical physics because it allows exact and
nontrivial analytic results to be obtained. The model is
defined by the following Hamiltonian:

H=-J> 6,5, (1)
(ij)

where J is an interaction constant, the summation runs
over the nearest neighbors, ¢§ is the Kronecker delta func-
tion, and spin S; at site i can take a value 0, - - - , g—1. For
q < 4, the Potts model on a two-dimensional (2D) lat-
tice undergoes a continuous phase transition at a certain
inverse temperature 8 = [.(g), which is not a universal
value, but depends on the underlying lattice structure.
One might say that locating (. is, therefore, of some-
what less importance than understanding the universal
behavior independent of lattice structures, but it can be
understood as a question of which factors characterize
the critical point when the lattice symmetry is not high
enough, a question whose answer is still under debate.
In a classical review article [1], the critical point of the
Potts model on the kagome lattice is actually listed as
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the second unsolved problem involving the Potts model.
Wu’s conjecture [1] suggests that by solving the polyno-
mial,

0% 4+ 60° + 90t — 2qv® — 12qv* — 6¢%v — ¢* =0, (2)

where v = X — 1 with coupling strength K = 3.J, one
can get the critical point K. = (.J. For q = 3, the
prediction is K. & 1.056494, for example. Equation (2) is
undoubtedly a good prediction, but differs slightly from
Monte Carlo calculations [2] and series expansion results
[3].

In a recent article [4], this problem was tackled by
using an idea that certain spin models on an infi-
nite strip with a finite width L do not show finite-
size corrections in the internal energy density wj [5].
By solving transfer matrices for two smallest widths
L = 1 and 2 [see Figs. 1(a) and (b)] and comparing
the resulting internal energy densities, we conjectured
Kcmi(g = 3) = 1.0565094269290... and KM(q =
4) = 1.1493605872292 . .. by using finite-size scaling ar-
guments. We also suggested that one could directly
check these conjectured values by calculating the inter-
nal energy density for a strip with L = 3 as shown in
Fig. 1(c): If the calculated value for ¢ = 3 deviates from
uiM (g = 3) = —1.6295437063996 given in Ref. [4], our
determination based on the assumption of L-independent
ur, (K.) must be incorrect. In this work, we carry out this
calculation by using the factorization technique [6-8] and
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Fig. 1. Unit cells of the kagome lattice with different
widths: (a) L = 1, (b) L = 2, and (c¢) L = 3. The dot-
ted lines mean the periodic boundary condition so that 1’
and 0 on the top are connected to 1’ and 0 on the bottom,
respectively.

report that uy, at K°(q = 3) is different from the con-
jectured value uzonj(q = 3) given above, which means
that in general, the absence of finite-size corrections as-
sumed in Ref. [4] is not true except for ¢ = 2. This
was recently pointed out by Jacobsen and Scullard [9]:
They mentioned the existence of finite-size corrections
for ¢ # 2, and our conjectured values are not compatible
with their results obtained by improving the polynomial
in Eq. (2) systematically with larger subgraphs of the
kagome lattice. Thus, the conjecture in Ref. [4] is dis-
proved, which is the main result of this work. Neverthe-
less, it is possible to find bounds for K. by using the size
dependence of the numerical results. Our upper bound
in this work is K. < 1.0565615, and a lower bound is
obtained as K. > 1.0560, which are consistent with the
value KJ% = 1.0565600(7) estimated by Jacobsen and
Scullard [9].

II. METHOD AND RESULT

It is straightforward, in principle, to construct a trans-
fer matrix 71" describing the three-state Potts model on
an infinite strip with a width L. The problem is that it
gets too large as L grows. Therefore, we need to factor-
ize T into sparse matrices [6-8] and then use the power
iteration method to get the largest eigenvalue and the
corresponding left and right eigenvectors. Factorization
means that a transfer matrix for a unit cell of width L as
in Fig. 1 is equivalent to a product of 3L sparse matrices
each of which describes adding a single spin. The ad-
vantage of factorization lies in the fact that multiplying
a vector by sparse matrices one after another is much
faster than dealing with the original dense matrix all at
once, because only a few elements of the vector are af-
fected by a sparse matrix. Note that we have to be care-
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Table 1. One possible correct order of adding spins for
L =3 [Fig. 1(c)]. A link between spins ¢ and j is denoted by

(i,39)-
spins added

links added
(0,17)
(2,0)
(3,4, (3,2)
(5,47), (5,7), (5,3)
(4,3), (4,2)
(6,7'), (6,5)
(7.6)
(8,17), (8,0), (8,6), (8,7)
(1,0), (1,2)

= 00 N O = Ut W N O

ful about the order of adding spins under the periodic
boundary condition along the vertical direction because
each spin addition amounts to replacing a spin value in
a layer by a new one. For example, in Fig. 1(a), adding
spin 1 replaces the old value of spin 1/, eliminating its
information. For that reason, one possible correct order
for L =1is 0 — 2 — 1, where spin 1 is added after
spin 2 because spin 2 should have a link to spin 1’ before
spin 1 replaces it, according to the periodic boundary
condition [see the dotted line between spin 2 and spin 1/
in Fig. 1(a)]. For the same reason, one correct order for
L=2is0—>2—-3—5—4—1, and Table 1 shows
a possible order for L = 3 in detail. This approach can
be extended to larger L’s in a straightforward manner.
For direct comparison, we have chosen the same transfer
direction as in Ref. [4]. Notably transfer matrix cal-
culations were also carried out in Ref. [9] to assess the
approximation, but in a different transfer direction.

As we multiply an arbitrary vector by the transfer ma-
trix T over and over again, it almost surely converges to
the eigenvector with the largest eigenvalue A\; of 7. Once
we have obtained the left eigenvector vy and the right
eigenvector v corresponding to Ay, we are able to get
ur, = —(3L>\1)‘18)\1/6ﬂ = —(3L)\1)_1V2 . (8T/8ﬂ) “VR,
where * means the complex conjugate transpose. The
factor of 3L appears because it is the number of spins
for constructing L layers, as depicted in Fig. 1. The nu-
merical error duy, in the internal energy density increases
with L, and it is estimated as duy, ~ O(107) for L =5
and O(107?) for L = 6. For L = 3, the internal energy
density at KS°%(q = 3) obtained by using this method
reads w7y = —1.62949 . . ., which clearly deviates from
the value of u$>" = —1.62954. .. conjectured in Ref. [4],
disproving the conjecture on the lack of finite-size cor-
rections in ur (K.).

Our results up to L = 6 are depicted in Fig. 2(a). The
line of L = 1 behaves differently from the others because
the size is too small and should, therefore, be discarded
from consideration. The crossing points of lines for L > 2
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Fig. 2. (Color online) (a) Internal energy density as a function of K for each strip width L and (b) its zoomed view. (c)
Correlation length ¢ divided by L, where the dotted horizontal line means 1/(7n) = 15/(4w). The vertical lines in panels (a) to
(c) indicate the range of K. estimated by Jacobsen and Scullard [9]. (d) As L increases, the convergence of £/L to 15/(4m) is

observed for K > 1.056.

gradually converge to K. from above [Fig. 2(b)]. It is,
therefore, plausible that K. is located to the left of the
crossing between L = 5 and L = 6 at K ~ 1.0565615.
Although the size-dependence of u;, is known for large
L at the critical point, our fitting result to estimate K,
from this critical scaling behavior is inconclusive because
sub-leading corrections are not negligible for such small
L’s.

In order to estimate a lower bound, we use the corre-
lation length & = [In(A1/A2)] 7!, where Ay is the second
largest eigenvalue of T'. The second largest eigenvalue
can be found by applying the power iteration method to a
vector orthogonal to v, the eigenvector associated with
A1. The numerical error in ¢ is estimated as O(10711)
for L =5 and O(1077) for L = 6. As L increases, £/L is
known to converge to 1/(mn) = 15/(47) ~ 1.194 at crit-
icality, where n is the critical exponent for the two-spin
correlation function [10]. Because ¢ is an increasing func-
tion of K and the lines cross each other below 1/(7n) [see
Fig. 2(c)], the crossing point will approach K. from be-
low if L is large enough. We thereby infer a lower bound
as K. > 1.0560, where the lines of L = 4 and L = 6
cross each other. The convergence of £/L to 15/(4m)
also suggests that the borderline is around K = 1.056

[Fig. 2(d)]. Note that we compare results from even L’s
here because compared to the behavior of A1, that of Ay
seems more sensitive to the boundary condition in the
vertical direction.

III. SUMMARY

In summary, we have numerically calculated internal
energy densities near K = K for the three-state
(¢ = 3) Potts model on kagome-type strips with vari-
ous widths. The result disproves our previous conjecture
that the internal energy density has no finite-size correc-
tions at the critical point. The size dependence suggests
1.0560 < K. < 1.0565615, which is consistent with the
recent estimate K = 1.0565600(7) [9].

ACKNOWLEDGMENTS

H. M. was supported by the Alfred Kordelin Founda-
tion and the Academy of Finland through its Centres of



-1170- Journal of the Korean Physical Society, Vol. 63, No. 6, September 2013

Excellence Program (Project No. 251748). We thank
the Korea Institute for Advanced Study (KIAS) Center
for Advanced Computation for providing computing re-
sources.

REFERENCES

[1] F. Y. Wu, Rev. Mod. Phys. 54, 235 (1982).

[2] R. M. Ziff and P. N. Suding, J. Phys. A 30, 5351 (1997).

[3] I. Jensen, A. J. Guttmann and I. G. Enting, J. Phys. A
30, 8067 (1997).

[4] S. K. Baek, H. Mikela, P. Minnhagen and B. J. Kim,
Phys. Rev. E 83, 061104 (2011).

[5] J. Wosiek, Phys. Rev. B 49, 15023 (1994).

[6] H. W. J. Blote and M. P. Nightingale, Physica A 112,

405 (1982).

[7] H. W. J. Blote and B. Nienhuis, J. Phys. A 22, 1415
(1989).

[8] D. P. Foster, C. Gérard and I. Puha, J. Phys. A 34, 5183
(2001).

[9] J. L. Jacobsen and C. R. Scullard, J. Phys. A 45, 494003
(2012).

[10] J. Cardy, J. Phys. A 17, L385 (1984).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


